We study the relaxation of a model for the human tear film after a blink using lubrication theory and explore the effects of viscosity, surface tension, gravity and boundary conditions that specify the pressure. The governing nonlinear partial differential equation is solved on an overset grid by a method of lines using a finite difference discretization in space and an adaptive second-order backward difference formula solver in time. Our two-dimensional simulations are calculated in the Overture framework. The computed flows show sensitivity to both our choices between two different pressure boundary conditions and to the presence of gravity; this is particularly true around the boundary. The simulations recover features seen in one-dimensional simulations and capture some experimental observations including hydraulic connectivity around the lid margins.
Introduction
Human tear film plays an essential role in the health and optical quality of the eye. The tear film is a highly dynamic system maintaining a critical balance between tear secretion and loss with each blink. A collection of problems associated with the malfunction or deficiency of tear film is recognized to be dry eye syndrome (Lemp (2007) ); symptoms of dry eye include blurred vision, burning, foreign body sensation, and tearing. Schein et al. (1997) estimate that 10%-15% of Americans over the age of 65 have one or more symptoms of dry eye syndrome. Furthermore, Miljanović et al. (2007) found dry eye to negatively impact daily tasks such as reading and driving. Thus, a better understanding of the tear film and potential treatments for dry eye will benefit a large number of people.
The classical description of the tear film is as a thin three layer film comprised of an anterior oily lipid layer, a middle aqueous layer commonly thought of as tears, and a mucus layer. The function of the lipid layer is to decrease the surface tension and retard evaporation. The mucus is secreted from globlet cells and is the first material at the surface of the epithelial cells. The classical description of the tear film is not accepted by all and is still debated today. The modern alternate description of the tear film structure does not have the mucus layer as distinct and separate (Gipson (2004) ; Bron et al. (2004) ). It is difficult to experimentally measure an interface between the mucus and aqueous layer (King-Smith et al. (2004) ).
The exposed or visible tear film resides on the anterior surface of the eye between the upper and lower lids. We refer to the corners of the eye as either the nasal canthus (near the nose) or the temporal canthus. The tear film thickness distribution has particular characteristics which include tear menisci located near the lid margins. In both the upper and lower menisci the tear film thickness increases and climbs up the upper and lower lids. Mishima et al. (1966) estimate that 73% of exposed tear film volume is located in the upper and lower menisci. Often experimentally measured parameters associated with the tear menisci are the tear meniscus width (TMW), the thickness of the tear film at the eyelid boundary (i.e., in the direction normal to the eye surface); the tear meniscus height (TMH), the extent of the tear meniscus along the eye surface; and the tear meniscus curvature (TMC). In the middle of the cornea, the tear film thickness is much thinner than the TMW. Noninvasive experimental measurements by King-Smith et al. (2000) found an average tear film thickness of 2.7µm and similarly Wang et al. (2003) reported a thickness of 3.3µm. Moreover, King-Smith et al. (2004) found estimates of 3µm to be consistent with the available evidence.
There have been numerous theoretical studies of a Newtonian tear film relaxation on a stationary domain (Wong et al. (1996) ; Sharma et al. (1998) ; Braun & Fitt (2003) ). The stationary domain is always a single line running from the upper lid to the lower lid along the center of the cornea. The behavior of the aqueous layer is considered in the presents of surface tension, viscous effects, gravity and evaporation as well as boundary conditions imposed by the mucus and lipid layer. In particular, Wong et al. (1996) posited a constant curvature meniscus and developed a coating model that relates the initial deposited film thickness to the tear viscosity, surface tension, meniscus radius, and upper lid velocity. Creech et al. (1998) used the formula yielded from the coating model of Wong et al. (1996) to compute tear film thicknesses from experimental lower meniscus curvature measurements. It is important to note that measurements of the cross-sectional radius of curvature in the lower meniscus taken after a blink by Johnson & Murphy (2006) were found to increase with time and to vary in space.
In this paper, we take a modeling approach to predict and gain insight into the thin tear film movement on the entire eye surface. Using an extension of the relaxation model of Braun & Fitt (2003) in one spatial dimension, we explore the consequences of specifying the tear meniscus curvature at the boundary as in Wong et al. (1996) ; the eye-shaped geometry; and gravitational effects on the tear film thickness and tear fluid flow. In particular, we are interested in the tear fluid flow between the upper and lower menisci. Maurice (1973) describes the motion of lamp black in the menisci and Harrison et al. (2008) visualized the flow of the tear fluid in vivo. In the latter, solution of fluorescein was introduced under the upper lid close to the temporal canthus. The lid was released and the fluorescein was monitored. In their experiments, within 3 seconds a portion of fluorescein had moved rapidly into the lower meniscus towards the nasal canthus. The remaining fluorescein moved slowly in the upper meniscus towards the nasal canthus. After 35 seconds, the fluorescein had only traveled over 2/3 of the upper meniscus. The tear flow from the upper meniscus to the lower meniscus through the temporal canthus is referred to as hydraulic connectivity.
Our evolution equation is solved numerically with an overset grid method on an eye-shaped domain constructed from measured eyelid data. To our knowledge, this is the first attempt to numerically simulate the tear film evolution on an eye-shaped geometry. A number of successful methods have been employed for thin film problems including fully discrete methods, finite differences (FD) in both space and time (e.g., Wong et al. (1996) ; Oron & Bankoff (2001) ); FD methods in space with ODE solvers in time (e.g., Braun & Fitt (2003) ; ); spectral methods with ODE solvers in time (e.g., Heryudono et al. (2007) ); FD in space with ADI (e.g., Schwartz et al. (2001) ; Witelski & Bowen (2003) ; Greer et al. (2006) ); adaptive FD methods (e.g., Bertozzi et al. (1994) ; Lee et al. (2007) ); positivity preserving schemes (e.g., Zhornitskaya & Bertozzi (2000) ; Grün & Rumpf (2000) ; Kondic & Diez (2001) ); finite element methods (e.g., Grün & Rumpf (2000) ; Becker et al. (2002) ; Becker & Grün (2005) ); and publicly available parabolic PDE solvers (e.g., Warner et al. (2002) ). Perhaps the closest to our needs of all of these methods is Greer et al. (2006) , which has general capability in stationary geometry. Given the challenges of the eye-shaped geometry, i.e., the corners, we have chosen to discretize the domain on an overlapping grid using an overset grid method. In particular, the overlapping grids help to alleviate the challenges of the corners, and furthermore, have the capability to manage time dependent overlapping grids. A major goal of this on-going project is to compute tear film dynamics for the case of a blinking eye-shaped domain.
We begin by formulating the problem in Section 2. The details of the overset grid method are explained in Section 3. Finally, in Section 4, we explore the effects of the eye-shaped geometry, gravity, as well as different pressure boundary conditions on the tear film dynamics. Discussion and conclusions are given in Sections 5 and 6, respectively.
Formulation
Our model is an extension of the tear film relaxation model in one spatial dimension developed by Braun & Fitt (2003) . The tear film is assumed to be a thin film on a two-dimensional eye-shaped geometry approximating the boundary of the eyelids from a photo as shown in Figure 1 . The eye surface is treated as a flat because the radius of curvature of the eye surface is so much larger than the tear film thickness (Berger & Corrsin (1974) ; Braun et al. (2009) ). The coordinate directions are (x ′ , y ′ , z ′ ), with velocity components of the film (v ′ , u ′ , w ′ ). The tear film free surface is located at z ′ = h ′ (x ′ , y ′ , t ′ ), where t ′ denotes time and primed variables indicate dimensional quantities. 
Nondimensional Scalings
time scale Table 1 : The scaling used to nondimensionalize the governing equations of motion.
The aqueous tear fluid is assumed to be an incompressible Newtonian fluid governed by the Navier-Stokes equations. The density ρ = 10 3 kg/m 3 and viscosity µ = 10 −3 Pa·s are chosen to have numerical values matching pure water, because the aqueous layer is primarily composed of water (Mishima (1965) ; Fatt & Weissman (1992) ). We note that the tear fluid is shear-thinning, but our choice matches the high-shear rate asymptote measured in the tear fluid (Tiffany (1991) ). We chose appropriate boundary conditions to model the interactions of the aqueous layer with the mucus film and the lipid layer at the free surface. The mucus/aqueous interface is simplified to be a flat, no-slip surface. At the aqueous/lipid interface, the lipid layer is assumed to render the free surface tangentially immobile as first treated by Wong et al. (1996) . This is the appropriate simplification of the uniform stretching limit (Jones et al. (2005) ; Heryudono et al. (2007) ). The surface tension at the tear/air interface is the constant value σ = 45mN/m (Miller (1969) ; Nagyová & Tiffany (1999) ).
Thin film equation
The full Navier-Stokes equations and boundary conditions described above are simplified via lubrication theory, which exploits the difference between the characteristic length scales in the tear film problem. In particular, the x ′ and y ′ length scale is the half-width of the palpebral fissure L ′ = 5mm and the z ′ length scale is the characteristic tear film thickness d ′ = 5µm. After nondimensionalizing the governing equations with the scales shown in Table 1 and expanding the dependent variables in a perturbation series in ǫ = d ′ /L ′ ,the leading order approximations on 0 < z < h(x, y, t) and (x, y) ∈ Ω are
where p represents pressure and
with g = 9.81m/s 2 . As for the boundary conditions, on the surface of the eye z = 0 we have
On the free surface z = h(x, y, t), we have the kinematic, normal stress and tangential stress conditions given by, respectively,
Note that ∇ =î∂/∂x +ĵ∂/∂y and ∇ 2 = ∂ 2 /∂x 2 + ∂ 2 /∂y 2 . The above equations can be combined into the single evolution of the form h t + ∇ · Q = 0,
with Q denoting the fluid flux. From lubrication theory, we find
For computation, it will be convenient to write equation (6) as a system:
The relative size of each term in the evolution equation is given by the coefficients. For the tear film, S ≈ 10 −5 is the ratio of surface tension to viscous forces and G ≈ 0.05 is the ratio of gravity to viscous forces.
Initial condition
The characteristics of the tear film shape, such as the menisci, will have an affect on the tear film dynamics. We have constructed an initial tear film thickness h(x, y, 0), shown in Figure 2 , that models some of these shape characteristics. In particular, the tear thickness is fixed at the value h 0 = 13 (dimensionally, 65µm) around the boundary, which falls in the experimental measurement range from 48-66µm for the TMW found by Golding et al. (1997) . Away from the boundary, the tear film thickness decays exponentially along the normal vectors n of the boundary curve to the characteristic tear film thickness. Symbolically,
where x 0 = 0.1 and dist(x, ∂Ω) denotes the distance between x and a point on the boundary ∂Ω. For this choice, the initial tear film volume is 2.45µl. Mishima et al. (1966) estimated the exposed tear volume to be 4µl, while Mathers & Daley (1996) experimental measurements found by measuring fluorescein concentration range from 2.23 ± 2.5µl. We chose to make the initial condition match the estimated tear volume found by Mathers & Daley (1996) in this work. 
Boundary conditions
The evolution equation requires two conditions be imposed along the boundary specifying the behavior of the tear film. In this paper, we chose to specify the tear film thickness and the pressure.
In the next two subsections, we explain in detail the boundary condition strategies.
Thickness boundary condition
The motivation for specifying the tear film thickness is to model the upper and lower menisci. Along the lids, there exists a transition from wettable tissue to less wettable skin which is called the gray line (Fatt & Weissman (1992) ). We assign the thickness around the boundary to model the gray line, therefore fixing the position where the tear film and lids meet. One strategy is to enforce constant thickness on the boundary, h| ∂Ω = h 0 . As mentioned above, we have chosen h 0 = 13, which falls in the upper end of the experimental values from Golding et al. Physically, it is unclear whether the single-valued strategy is the right modeling choice for the nasal canthus. In particular, the caruncula lachrymalis (the small, pink, globe-like nodule) is located in the nasal canthus and is certainly a different geometry than the lid margins. But we can justify creating a meniscus in the vicinity of the nasal canthus, to the temporal side of the caruncula lachrymalis is a pool of collected tears referred to as the lacrimal lake.
Two different pressure boundary conditions
We specified the pressure boundary condition, equivalent to assigning the meniscus curvature, to explore its effect on tear fluid movement. To better understand the consequences of assuming a specified meniscus curvature, we explore the tear film dynamics using two different pressure boundary conditions.
In the first strategy, referred to as the frozen pressure boundary condition, the pressure is associated with the initial condition g. In particular,
with S = 10 −5 ; see Figure 3 . The curvature of the menisci produces low pressure around the entire boundary that is more pronounced in and near the canthi. The second pressure boundary condition is time varying and constructed such that the low pressure found in the nasal and temporal canthi is relaxed over a short time. At t = 0 the pressure on the boundary is −S∇ 2 g| ∂Ω and varies linearly in time to the constant average value of −S∇ 2 g| ∂Ω on the upper and lower lids. For h 0 = 13 and our eye geometry this average value is p 0 = −0.01218. The time varying pressure boundary condition is thus
It is plotted in Figure 3 at different times with t 0 = 1.
Overset grid method
To begin, we explain the construction of the eye-shaped domain. The boundary is divided into four parts each parametrized by the Cartesian variable for which it is single valued (the four regions are separated by dots in Figure 1 ). The upper and lower lids are second degree polynomials whose coefficients are found by a least squares fit to selected points along an image of the lid from an open eye. The temporal and nasal curves are ninth degree polynomials that smoothly patch together the upper and lower lids. The coefficients are found by matching the function value and the first four derivatives at each end point. The eye-shaped domain is discretized using composite overlapping grids. A composite overlapping grid is a collection of component grids, each logically rectangular curvilinear, covering a domain and overlapping where they meet. The solutions on the different component grids are coupled via interpolation conditions. For our problem, the composite overlapping grid is composed of boundary-fitting curvilinear grids at the lid margins with a background Cartesian grid for the remaining area. To construct the eye grid, we use the grid generation capabilities of the Overture framework developed at Lawrence Livermore National Laboratory (Chesshire & Henshaw (1990) ; Henshaw (2002) ). Figure 4 displays the temporal corner of the grid. Each boundary curve is defined by nonuniform rational B-spline (Piegl & Tiller (1997) ) and a boundary-fitting grid is produced by extending the normals.
The DAE system (8) is solved using a method of lines. The spatial derivatives are approximated by curvilinear finite differences and an adaptive second-order backward differentiation formula time stepping method is used to advance the solutions. More details of the numerical scheme are given in the Appendix. Figure 3 : The time varying pressure boundary condition at t = 0, 0.3, 0.6, 1 with t 0 = 1. The blue curve represents the frozen pressure boundary condition as well as the t = 0 curve. Note, all the values on the boundary are negative, and thus, smaller than in the flat middle region where p ≈ 0 initially.
Tear film results
We begin with the results found with the frozen pressure boundary condition. In all simulations, a nondimensional time of 1 corresponds to 1 second. The relaxation of the tear film occurs during the interblink period where the lids remain open between blinks. A typical interblink period is 5-6 seconds (Fatt & Weissman (1992) ), but occasionally longer times, over 20 seconds, are reported (Al-Abdulmunem (1997)). Beyond results for the interblink period, mathematically interesting behavior is computed up to 115 seconds in our model. In all figures, the nasal canthus is on the left side and the temporal canthus is on the right side.
Capillarity only
The evolution is first considered in the absence of gravitational effects with G = 0. In the nasal canthus is a similar curvilinear boundary-fitted grid as shown here.
Frozen pressure boundary condition
The left column of Figure 5 shows the global dynamics of the tear film contours. As observed in previous one-dimensional studies, capillary-driven thinning of the film creates a localized thin region or "black line" adjacent to the menisci. In Figure 5 , the black line emerges as the dark blue band. The tear fluid near the menisci is sucked into the menisci because the large thickness at the boundary creates a positive curvature in the film surface and hence a low pressure. These low pressure regions are clearly seen in the pressure distributions shown at two different times in Figure 6 . The global minimum develops at the intersection of the black lines in the nasal canthus. In general, the thinning dynamics slow down as time increases as shown in the minimum tear film thickness values.
The black line separates the tear fluid in the menisci and the interior where a ridge forms. The ridge is the yellow/yellowish-green band in Figure 5 and at the intersection of the ridges, appearing as yellow dots, occurs the local maxima. As time evolves, the inward growth of yellowish-green region illustrates the slow spreading of the ridge away from the black lines. We note that the volume of tear film decreases with time because a specified pressure at the boundary allows fluid to enter or leave there; the details of the boundary flow will be given below.
To take a closer look, the globe tear film dynamics along the line x = 0 are shown by the solid lines in Figure 7 . Here, we find the thickness of the interior ridge as well as the rate of inward spreading is more pronounced than the previous one-dimensional findings of Wong et al. (1996) and Braun & Fitt (2003) ; but, these differences are not because of the addition of two-dimensional effects. Compare the solid and dashed-dot lines in Figure 7 , where the dashed-dot lines are the results from evolving the corresponding one-dimensional model with the same nondimensional parameters as well as initial and boundary conditions (see Figure 2 ). Therefore, the differences in the dynamics are the consequence of the larger initial TMHs than previously used. In creating our initial condition, we chose to only match the experimental tear film volume ranges and constant tear film thickness along the boundary. As a result, the initial menisci are split in half by capillarity producing a thicker interior ridge than previous works. Figure 6 shows the long time behavior of the pressure. The lower pressure in the menisci remains throughout the simulation and the elevated pressure region in the interior becomes more sharply separated from this low-pressure meniscus as time increases. In particular, the pressure along x = 0 appears to evolve toward a step change (see Figure 7 ). The rapid pressure changes follow the boundary and intersect near the canthi. Viewed from above this intersection of the rapid pressure changes near the canthi at later time resembles a wedge, and we use this term to designate this intersection. The accurate resolution of the developing wedge limits the time for which we can compute solutions to t = 115.
Returning to Figure 7 , we can estimate a final state for the dynamics along x = 0. Bertozzi et al. (1994) analyzed the one-dimensional model equation h t + (h n h yyy ) y = 0 on y ∈ [−1, 1], with the similar boundary conditions h(±1) = 1 and h yy (±1) = p. In their work, they identified the "least energy" weak solution w ∞ (y) for p > 2 and found it to have a jump in its second derivative at two points. Bertozzi et al. (1994) concluded that a singularity will be produced in h(y, t) if h(y, t) → w ∞ (y) in infinite time. Using their formulation, we find, for the one-dimensional model along
where y c 1 = −0.3128 and y c 2 = 0.9128. The minima of h(y, t) are nearly located at y c 1 and y c 2 , and therefore, it appears h(y, t) is approaching w ∞ (y) as time increases. This evolutionary behavior explains the pressure shape.
The new feature on the eye-shaped domain is the stronger capillary action at the intersection of the black lines in the canthi regions. Here, we examine the dynamics in the nasal canthus region during the interblink period in the left column of Figure 8 . As the black line forms, a global minimum develops emerging as a darker blue region. Again, the tear fluid is drawn into the canthus by the low pressure there. The capillary action in the canthus is stronger than elsewhere on the boundary and it is caused by the increased curvature of the tear film surface in a meniscus forced to meet a highly curved lid. In our model, tear film break-up would occur at this global minimum and we will estimate the tear film break-up time (TBUT) based on this thickness.
TBUT is a common test to determine dry eye conditions. It is usually measured by adding fluorescein dye into the tear film and then recording the time for the appearance of the first dark spot. The ease and low cost of the test have made it a popular diagnostic test. In normal subjects, the median noninvasive TBUT ranges from 3.4 to 28 seconds (Mengher et al. (1985) ; Bitton & Lovasik (1998) ; Liu et al. (2006) ). The consistency of the TBUT test described above varies widely because it relies on a clinician's definition of what is a dark spot. We define the TBUT as the time required for the minimum tear film thickness to reach 0.75µm; that is, the time it takes the tear film thickness to reach the effective range of van der Waals' forces as in Braun & Fitt (2003) . In our model, the minimum tear film thickness of 0.15 (dimensionally, 0.75µm) occurs in the vicinity of the canthi at approximately 10 seconds.
To examine the hydraulic connectivity in our model, the flux of the tear fluid during the interblink period at t = 5 is shown in Figure 9 , while the long time behavior at t = 60 is in Figure 10 . The flux direction field is plotted over the contours of the norm of flux, where the color scale is such that dark indicates a small flux. With gravity inactive, the flux direction is parallel to gradient of the pressure (see equation (6)). Note that in all flux figures the amount and distribution of the arrows does not reflect properties of the computational grid or the tear fluid flow; we have reduced the number of arrows for clarity.
First, we focus on the flux magnitude. The lighter color in the menisci and canthi regions indicates that the flux is greater than or equal to the interior flux. At boundary, the flux is larger in the vicinity of canthi for all time as shown in Figure 11 . Here, the log of the norm of the flux on the boundary at t = 5 (solid line) and t = 60 (dotted line) is plotted. As time increases, the norm of the flux in the canthi regions remains constant, whereas along the upper and lower lids away from the canthi it decreases. Since the tear film thickness is constant along the boundary, the differences in Figure 11 reflect differences in the norm of the pressure gradient. The decrease in the norm of the pressure gradient in the upper and lower menisci regions with time indicates that the tear film is tending towards an equilibrium solution shape there. Again, in the region in the vicinity of the canthi the frozen pressure boundary condition creates large pressure gradients for all time.
We now turn to the direction of the flux. On interblink time and near the boundary, the tear fluid flows primarily out of the domain except in short stretches near the canthi, where the fluid is channeled to the canthi. In the interior, the top of the ridge separates the fluid flow into and out of the interior. We concluded that the tear fluid does not travel around in the upper and lower menisci as in the experiments of Harrison et al. (2008) , but rather directly out the boundary.
At long times, the tear fluid does travel around in the upper meniscus towards the local minima of the frozen pressure boundary condition. Therefore, it appears that the tear film in a neighborhood of the upper lid is evolving to a state where the pressure is constant in the direction normal to the boundary. On the other hand, in the lower meniscus the tear fluid continues to travel out the boundary, but at a much slower rate. In particular, the size of the flux along the lower lid is on the same order as the numerical error (see Figure 11 ). In the vicinities of the canthi, the low pressure produced from the frozen pressure boundary condition continues channels the tear fluid out of the edges of the canthi. In general, the frozen pressure boundary condition creates pressure gradients in the tangential direction to the boundary throughout the computation. The spatial variation in the frozen pressure along the boundary is a result of the definition of the initial condition coupled with the curvature of the eyelid shape.
Time varying pressure boundary condition
In this section, we explore the effects of the time varying pressure boundary condition on the tear film thickness, where t 0 = 1 for all the results to follow.
The dynamics of the tear film thickness for the time varying pressure boundary condition are difficult to distinguish visually from those of the frozen pressure boundary condition in left column of Figure 5 ; but there are slight differences in the thickness. In general, we found the different pressure boundary conditions to significantly influence the evolution only in the menisci and canthi regions. The minimum tear film thickness values for the time varying pressure given in Table 2 are nearly the same as in the frozen pressure case, and therefore, result in nearly the same TBUTs. The difference in tear film thickness between the two different pressure boundary conditions at t = 5 (near the end of an average interblink period) is shown in Figure 13 . At that time, the largest thickness differences occur in the maroon canthi regions and are of size 1.08 nondimensional thickness units or 5.4µm; note that the color bar has been truncated for clarity. The tear film Minimum Tear Film Thickness t G = 0 G = 0.05 1 0.9830 1.0073 2 0.5972 0.7086 5 0.2859 0.3647 30 0.0635 0.0826 60 0.0355 0.0450 115 0.0207 0.0232 Table 2 : The minimum of the tear film thickness with the time varying pressure boundary condition.
thickness differences near the boundary can be predicted by comparing the pressure boundary conditions for t > t 0 . The dynamics of the pressure also includes the elevated pressure region becoming more sharply separated from the low-pressure menisci and the development of the wedge in the vicinities of the canthi (see Figure 12 ). For t > t 0 , the visible differences between the pressure shapes include the removal of lower pressures in the vicinities of the canthi. Compare Figure 6 (frozen pressure) and Figure 12 (time varying pressure), where the eyelid boundary is plotted in the same z plane. Now, the tear film thickness differences shown in Figure 13 can be explained in the following manner: if the pressure increases, i.e. the curvature decreases, then the tear film is thicker, while on the other hand, if the pressure decreases, i.e. the curvature increases, then the tear film is thinner.
What does change dramatically from one boundary condition to the other is the tear fluid flow in the menisci and canthi regions. Figure 14 and Figure 15 displays the direction of the flux over the contour plot of the norm of the flux at t = 5 and t = 60, together with Figure 16 showing the log of the norm of the flux along boundary. The first difference is that the flux in the vicinities of the canthi is now small (see the dark region in both Figure 14 and Figure 15 ). These smaller fluxes are a consequence of the removal of the even lower pressure along the boundary in the canthi regions for t > t 0 . Furthermore, as time progresses the fluxes in the vicinities of the canthi also evolve towards a zero pressure gradient configuration or equilibrium shape (see Figure 16 ). For later times, the flux in the menisci is smaller compared to the frozen pressure results. That is, the flux is no longer greater or equal to 0.001, and therefore, the menisci appear as dark regions in Figure 15 . To quantify these later time differences along the boundary, compare the dotted line in Figure 11 (frozen pressure) and in Figure 16 (time varying pressure) . In the present case the flux in the upper and lower menisci is everywhere on the order of 10 −4 and is in some sense closer to an equilibrium shape than the frozen pressure result.
The time varying pressure boundary condition does not promote hydraulic connectivity during either the interblink period or long times. Rather, all the tear fluid in the menisci and canthi travels towards the boundary and out the domain. By definition of the time varying pressure boundary condition for t > t 0 , there is an absence of pressure gradients to drive tear fluid flow in the direction tangent to the boundary. Figure 13 : On the top, the difference at t = 5 in the frozen and time varying tear film thickness with G = 0. In the negative regions, the time varying pressure boundary condition is less than that for the frozen pressure boundary condition; in the positive regions, the time varying pressure boundary condition is larger. On the bottom, is the sign of the difference between the frozen and time varying pressure boundary condition for t > t 0 . Figure 16 : The log of the norm of the flux on the boundary for t = 5 (solid line) and t = 60 (dotted line) where the pressure boundary condition is time varying and G = 0. Since the tear film thickness is constant around the boundary, the relative differences reflect differences in the norm of the pressure gradient.
Capillarity and gravity
The simulations were repeated including gravitational effects with G = 0.05.
Frozen pressure boundary condition
Gravity was found to redistribute the tear film from the top (near the upper lid) to the bottom. The global behavior of the redistribution is clearly shown in Figure 5 , where a time sequence of the tear film thickness contours are plotted for G = 0 (left column) and G = 0.05 (right column). To begin, we focus on the dynamics during the interblink period displayed in right column of Figure 8 . The black line or the localize thin region near the margin of the lid is created. But now, in the upper menisci region there is a competition between capillarity, which wants to draw the fluid into the meniscus, and gravity, which tries to pull the fluid down the surface of the eye. Comparing the columns reveals this competition where now the emerging dark blue band in the upper meniscus is missing in the right column (G = 0.05). Furthermore, the resulting upper TMH with gravitational effects is larger, that is the upper meniscus sags. On the other hand, in the lower meniscus capillarity and gravity work together to create black line. Notice the extension of the turquoise region along the lower meniscus in the first plot in the right column (G = 0.05) compared to the left column (G = 0).
For later times, the difference in the tear film thickness with and without gravity can be as much as 8.5µm or 1.7 nondimensional thickness units at t = 115. The location of the largest difference (see the last row of contour plots in Figure 5 ) occurs between the yellow regions of the interior ridge in the left column and the corresponding dark blue regions in the right column. The interior ridge drains across the surface of eye and collects near the lower meniscus. The inward spreading of the interior ridge is now accelerated by gravitational effects near the upper lid and hindered near the lower lid. A closer look of the drainage is also shown in Figure 17 , where the evolution of the tear film thickness and pressure along x = 0 is plotted. Although the drainage appears to occur much faster than previous one-dimensional findings (Braun & Fitt (2003) ), the results can again be reproduced by the corresponding one-dimensional model with the same parameter values as well as initial and boundary conditions; see the dotted lines in Figure 17 . Thus, the differences in the dynamics are the consequence of larger TMHs in the initial condition as well as parameter choices. Note that the pulse of tear fluid moving down the film differs from that seen by Miller et al. (2002) . In their work, the wrinkle in the film seen moving in the meniscus arises from the mismatch between the PDE that they solve in the interior and the applied boundary condition (which was intended to be a no flux boundary condition).
The evolution of the pressure is shown in Figure 18 and includes the elevated pressure region becoming more sharply separated from the low-pressure menisci. A difference arising from gravitational effects is the shape of the pressure in the upper and lower menisci. In this case, p = −Gy + C is an equilibrium solution to equation (6) with C an arbitrary constant. The slope of the pressure in the upper and lower menisci along x = 0 is approximately −0.05. Thus, the pressure there is evolving towards an equilibrium distribution normal to the boundary.
Gravity also changes the direction and rate of the tear flow in the menisci and canthi promoting weak hydraulic connectivity (see Figure 19 and Figure 20) . In particular, the inclusion of gravity produces larger fluxes that now cover all of the menisci and canthi regions. For both the interblink period and later times, the dominant pattern of tear fluid flow is through the menisci. The direction of the flux only points outward from the boundary in a few different locations corresponding to Figure 17 : A time sequence of the tear film thickness and pressure along x = 0. The solid lines are the results from the two-dimensional simulation on the eye-shaped domain, while the dashed-dot lines are results from a corresponding one-dimensional simulation with the same initial and boundary conditions (see Figure 2 ). local extrema of the boundary curvature. In the vicinities of the canthi regions, not all of the tear fluid is channeled out the corners as before, but rather some of the tear fluid travels around and into the lower meniscus. Because some of the tear fluid is still channeled out the canthi, we refer to this as weak hydraulic connectivity.
Time varying pressure boundary condition
With the time varying pressure boundary condition, gravity again redistributes the tear film thickness from top to bottom. Since the dynamics of the tear film thickness are difficult to distinguish visually from those of the frozen pressure boundary condition in the right columns of Figure 5 and Figure 8 , we omit them. Here, the difference in the tear film thickness with and without gravity at t = 115 can be as much as 9.0µm. Again, the largest difference at t = 115 occurs between the yellow interior ridge region and the corresponding dark blue region in the last row of Figure 5 . The direction of the flux for all time is markedly different from the previous time varying gravity free results. In particular, the flux plots at t = 5 and t = 60 are identical to Figure 19 and Figure 20 except in the canthi regions. Thus, the tear fluid in the upper and lower menisci no longer travels out the boundary, but rather through the menisci. The flux directions in the nasal canthus region are shown in Figure 21 and Figure 22 . Now, the tear fluid near the boundary travels around the nasal canthus rather than out the nasal canthus as in the frozen pressure boundary condition. The same behavior occurs in the temporal canthus region. Thus, gravitational effects coupled with the time varying pressure boundary condition promote hydraulic connectivity.
Discussion
The emphasis in this paper is the simulation of the lubrication-based relaxation model for the tear film on an eye-shaped domain. Using an overset grid method in the Overture framework, we explored the effects of the geometry of the domain, gravity, and specifying the curvature of the menisci on the evolution and tear fluid flow for both the interblink period and longer times.
We have shown that the eye-shaped domain coupled with the tear film thickness boundary condition produces stronger capillary action in the vicinities of the nasal and temporal canthi causing local minima to form at the intersection of the upper and lower black lines. The stronger capillary action is caused by the changing curvature of the tear film surface in a meniscus forced to meet a highly curved lid. One of these local minima is the minimum tear film thickness. We found that this minimum tear film thickness is only slightly sensitive to different pressure boundary conditions and gravity.
Examining the dynamics along x = 0, we found our two-dimensional simulations recover features seen in one-dimensional models. In particular, the results along x = 0 could be almost exactly reproduced by the simulating the corresponding one-dimensional model with the same parameters, initial condition, and boundary conditions. Additionally, with the frozen pressure boundary condition we were able to estimate a final state for the dynamics in the menisci using the "least energy" weak solution developed Bertozzi et al. (1994) .
In the exploration of the frozen vs. time varying pressure boundary conditions, it was found that changing the specified curvature of the menisci alters the tear film thickness in the menisci and canthi regions. In particular, if the pressure increases, i.e. the curvature decreases, in a meniscus then the tear film is thicker; while on the other hand, if the pressure decreases, i.e. the curvature increases, then the tear film is thinner.
Furthermore, we found the direction of tear fluid flow near the boundary to be transformed by the pressure boundary condition. In the frozen pressure boundary condition, the presence of pressure gradients in the direction tangent to the boundary prevented the tear film from evolving to an equilibrium meniscus shape. In particular, the tangential pressure gradients caused the tear fluid in the canthi regions during the interblink period and in the menisci and canthi regions during long times to flow towards the local minima of the frozen pressure boundary condition. The local minima of the frozen pressure correspond to local maxima of the boundary curvature due to the definition of the frozen pressure and the construction of the initial condition. On the other hand, in the time varying case the absence of enforced tangential pressure gradients along the boundary led to much smaller flux values at the boundary and the flux pointing out of the domain. Because of the smaller fluxes, the tear film thickness with the time varying pressure produces a tear film profile closer in some sense to an equilibrium shape in the menisci.
With both pressure conditions, the effect of gravity redistributed the tear film from the top to the bottom without greatly changing the tear film minimum or TBUT. In the upper meniscus, the additional gravitational effects competed with the capillarity producing a larger TMH or a wider upper meniscus; that is, produces a thicker maroon contour in the upper meniscus. Also, we found the pressure distribution in the upper and lower menisci to be changed by gravity. In particular, the pressure along x = 0 evolved to an equilibrium shape characterized by a line of slope −G rather than a constant.
Gravity was also found to change the direction of the tear fluid flow in the menisci and interior for both pressure boundary conditions. In particular, gravity steered the tear fluid in the upper meniscus toward the lower meniscus fostering hydraulic connectivity between the menisci. In the vicinities of the canthi, the balance between capillarity and gravity was dictated by the pressure boundary condition. With the frozen pressure boundary condition, capillarity overwhelmed gravitational effects and channeled the tear fluid out the boundary. On the other hand, in the time varying case the tear fluid continued to travel though the canthi regions and into the lower meniscus.
Conclusion
In conclusion, the different pressure boundary conditions were found to only affect the tear film thickness and flow in the menisci and canthi regions. Gravity plays a critical role in the direction of tear fluid flow in the menisci and canthi regions in our simulations. Note that these changes in flow occurred for subtle changes in the tear film thickness distribution in the menisci and these may be difficult to observe experimentally. With gravity active, both pressure boundary conditions promoted hydraulic connectivity. Furthermore, we found the need for large pressure gradientse.g., the significant lower pressure in the canthi regions in the frozen pressure-to funnel the tear fluid out of the boundary in a region other than the lower meniscus.
We are currently working on the case with the tear film thickness and the normal flux, Q · n, are specified along the boundary. With those conditions, we can control the flow through the boundary to mimic some aspects of the tear film drainage (Doane (1981) ) and supply (Lorber (2007) ) systems. We expect that even with these new boundary conditions, some effects from the pressure distributions around the boundary that were isolated in this paper will still be observed. Results are currently in hand (Maki et al. (2009) ).
Appendix

Overset grid method
The evolution equation is solved using a curvilinear finite difference based method of lines on the composite overlapping grid described above. We use the Overture framework to generate the curvilinear finite difference approximations. In particular, each component grid is defined by a mapping (x(r, s), y(r, s)) = G(r, s) from the unit square (r, s) ∈ [0, 1] 2 . Approximations to the derivatives of h(x, y, t) with respect to the (x, y) are formed on the unit square (r, s) by application of the chain rule h x = r xhr + s xhs ,
h y = r yhr + s yhs ,
∆h = (r 2 x + r 2 y )h rr + 2(r x s x + r y s y )h rs + (s 2 x + s 2 y )h ss + ∆rh r + ∆sh s ,
whereh(r, s, t) = h(x(r, s), y(r, s), t) and r x , r y , r xx , r yy , s x , s y , s xx and s yy are inverse vertex derivatives computed from the mapping G. The curvilinear grid finite differences are obtained by discretizing the (r, s)-derivatives in (14)-(16) by centered second-order finite differences. The time-stepping algorithm we used is a variable stepsize fixed leading coefficient implementation of the second-order backward differentiation formula. In the variable stepsize method, we take the largest time step possible while still keeping local control over the estimated error. This fixed leading coefficient implementation was used in DASSL as described in Brenan et al. (1989) . At each time step, the implicit method builds a nonlinear (vector) function F for h k i,j and p k i,j , where k denotes the k-th component grid. Newton's method is applied to solve F = 0 for both variables. We note that we never approximate derivatives higher than second-order in either variable. Numerical experiments confirm that the error is second-order accurate in the grid spacing for a nonlinear lubrication test problem on test domains as in Chesshire & Henshaw (1990) . t = 5 t = 115 Figure 18 : A time sequence of the tear film pressure with G = 0.05 and the frozen pressure boundary condition. In the lower meniscus, the pressure dips down and then increases to meet the boundary value as in Figure 17 . 
